Abstract: This work investigates a series resonant circuit designed to wirelessly transfer power to charge an electrical vehicle battery. A typical approach assumes the load connected to the power transfer system to be constant and then the wireless link efficiency is studied. In practical engineering applications, however, the load and the distance between coils will vary and the efficiency may strongly depend on these variations. The efficiency will also be affected by the presence of massive conducting or shielding structures in the proximity of the wireless system. Here, the authors study these effects with the help of an equivalent circuit extracted from a full wave simulation and correlated with measured results. The authors demonstrate that by changing the load resistance the efficiency of the system can be improved, even for a large separation between the two magnetically coupled resonators; however, the maximum efficiency point may not correspond to the maximum power that can be handled by the system. They then analyse the primary and secondary voltages and currents in support of the above findings.
Introduction
Recent years have seen growing interest in wireless power transfer (WPT) technologies. The inductively coupled power transfer systems have been in use for some time for different applications [1] [2] [3] [4] ; unfortunately the efficiency of such systems decreases dramatically when the separation between the two coupled coils is increased. In 2006 a much more efficient method exploiting magnetically resonant coupling was proposed and confirmed experimentally in 2007 [5] , allowing higher efficiency to be achieved at much larger air gaps. The WPT system usually consists of two coils that are brought to resonance with the help of capacitors. Different system structures have been put forward [6] and their capability of WPT analysed. It has been shown that a resonant circuit where the coil and capacitor are connected in series is suitable for higher power systems required for charging wirelessly batteries in electric vehicles [7, 8] .
In this study a wireless power system working at 100 kHz and capable of handling up to 2 kW of power has been designed, modelled, analysed and tested. The system relies on a near field coupling mechanism which is non-radiative, operates at distances well below the wavelength of the electromagnetic wave being transmitted and can efficiently transfer power up to 300 mm. However, the efficiency is highly sensitive to changes to the distance between the coils, the value of the connected load and may also be affected by the shielding structures introduced so that the set-up complies with ICNIRP Guidelines [9] . From a full finite element model of the resonating coupled coils an equivalent circuit has been extracted, and both are then used to analyse the effect of the distance, load, as well as the shielding on the power transfer system. The circuit model is also used to aid the design process as it is much faster than the full three-dimensional (3D) solution. The simulations have been verified by measurements performed on a similar system.
3D full wave electromagnetic model of the WPT system
A 3D model of the coils has been built and solved using commercial software assuming: coil diameter 300 mm, conductor diameter 2.6 mm and insulated wire diameter 3.6 mm. The coils have 28 turns; however, they are distributed unevenly in two layers (Fig. 1) ; one layer has 21 turns whereas the second layer has 7 turns. Two capacitors of 22.6 nF each have been connected in series with the coil. In the experimental setup of the same system, strings of Class 1 C0G/NP0 ceramic capacitors have been used to achieve the desired capacitances.
The 3D model of one coil was initially solved in frequency domain. The excitation assumed was a current source with an impedance of 50 Ω. The source produces a 1 W input power which enables the calculation of scattering (S) parameters, with the S11 parameter found for a frequency sweep from DC up to 1 MHz. One coil with two series capacitors has a clear resonance at 96.7 kHz as shown in Fig. 2 , where the phase against frequency is plotted. Using this information and basic circuit theory the inductance of the coil may be calculated. For a series resonant circuit the resonant frequency can thus be calculated as
The inductance of the coil computed using (1) is 240.7 μH. As a reference the measured value of the inductance was 235 μH. The resistance of the coil was estimated from its geometry assuming it was made using a copper Litz wire with 210 strands (type AWG33). Each strand of wire has a diameter of 0.18 mm. For this set-up the skin effect will become important only for frequencies above 1 MHz, hence it was ignored in the calculation. The computed resistance was 0.035 Ω.
Following the single coil analysis, two identical coils were simulated in 3D. The distance between the coils was varied and the results in terms of S parameters used to extract the coupling factor between the two coils. To reduce the computational burden only five distances were used in the 3D full wave model: 20, 50, 100, 150 and 200 mm. The magnitudes of the S parameters (S11 and S12) are presented in Fig. 3 .
The coupling factor, K, was extracted with the help of a circuit simulator. An equivalent circuit, as shown in Fig. 4 , was derived and simulated. Using a frequency domain solver the solution in terms of the S parameters was obtained. The coupling factor between the two coils was adjusted so that the S parameter results obtained from the circuit simulator matched those obtained from the full wave solver. Fig. 5 compares the solutions obtained with the full wave solver and from the equivalent circuit shown in Fig. 4 in terms of the magnitude and phase of the scattering parameters of the system. It will be noted that the two sets of results agree very well.
Using this methodology the coupling factor was extracted for all five cases considered and the results are summarised in Table 1 . The extracted results were also validated by measurements taken using an experimental wireless charging setup (Fig. 6 ). As expected the coupling factor decreases as the distance between the two coils increases. A polynomial function was used to fit the data from Table 1 . A cubic polynomial was found to fit the data very well so that the coupling factor can be easily calculated using this interpolation function for any distance between the coils in the range between 20 and 200 mm. If data needs to be extrapolated outside this range extra full wave simulations will be required and a new polynomial fitted. However, for the work presented here, the discussion was limited to distances between 20 and 200 mm.
The full wave solution of the WPT system has also provided useful insight regarding the distribution of magnetic field around the coils. As a frequency sweep was applied the field distribution around the system was obtained for several frequencies. The magnetic field intensity along a line starting in the middle of one coil and extending 300 mm from that coil, passing through the middle of the other coil, for different frequencies is shown in Fig. 7 . It is clear that the field intensity at resonance is much higher than for non-resonant frequencies. From Figs 7 and 8 it is also apparent that for non-resonant frequencies the variation of the field away from the excited coil is different as compared with the resonant frequency. At resonance, as the field approaches the load coil levels instead of decreasing, this is mainly because of the induced current in the load coil which produces its own field adding to the source field.
Distributions of magnetic field intensity in the yz-plane, obtained from the 3D model solution, are also provided in Fig. 8 for three different frequencies: 20, 100 and 200 kHz. As expected the intensity of the magnetic field, and thus the density of the field lines, are much higher around the resonance frequency (Fig. 8b ). It is also clear from these plots that the field around the secondary coil is much larger at resonance than when out of resonance. In Fig. 8 coil 2 is excited while coil 1 is receiving. The case illustrated in Fig. 8 is for a distance of 150 mm (K = 0.1395) between the two coils, hence there will be no frequency splitting (no over-coupling). The field plot would be different in the case of an over-coupled system; it was not the intention of this work, however, to study the field distributions in any detail and under different conditions.
3 Analysis and discussion of the equivalent circuit of WPT system
The WPT system can be described and analysed conveniently using a two-port network theory. As shown graphically in Fig. 4 , the wireless system is fed at port one by the power source, whereas the second port is connected to the load. Using this approach one can extract the scattering parameters of the network. In this case the efficiency of the wireless link can be described conveniently by the magnitude of S21. S21 can be used to determine the insertion loss of the channel between ports 1 and 2 when the output is terminated by a matching load. In most cases the termination load is assumed to be 50 Ω. Moreover, S21 can be used to calculate the transducer gain, given by |S 21 | 2 , which is defined as the power delivered to the load over the available power from the source when both the source and load impedances are perfectly matched. 0.0780 the polynomial function that has been fitted to the above data are K(x) = − (1.305e − 7)*x 3 + (6.623e − 5)*x 2 − ( −1.243e − 2)*x + 0.957 Fig. 7 Magnetic field intensity distribution along a 300 mm line ending in the middle of the primary coil and going through the middle of the secondary coil (distance between coils is 150 mm) For the system studied here S21 can be expressed in terms of the circuit components (Fig. 4) using (2), where Z S is the source impedance, Z L is the load impedance, K is the coupling factor between the two coils, R 1 , L 1 and C 11 (C 11 = C 1 C 2 /(C 1 + C 2 )) are the circuit components associated with the source loop, whereas R 2 , L 2 and C 22 (C 22 = C 3 C 4 / (C 3 + C 4 ))) are the components in the load loop.
Using this approach the WPT system described in Section 2 has been analysed. The results in terms of the magnitude of scattering parameters, when the distance between coils is varied, are shown in Fig. 3 . The source and load impedances for all cases were assumed to be 50 Ω. It is clear from the results that when two coils are 50 mm apart the system is over-coupled; the frequency splitting phenomena, well described in [7] , is evident. Two resonance peaks are typical for such cases and are clearly visible in Fig. 3 . The maximum transfer efficiency (mag (S21) = 1) is achievable at both resonant peaks. When the distance is increased to 100 mm the system becomes under-coupled and mag(S21) < 1, which implies that the system will not be transferring power at its maximum efficiency. For the system analysed here the critically coupled point, as defined in [7] , is reached when the coupling factor is K = 0.33. This value has been obtained using the equivalent circuit shown in Fig. 4 and the definition of the critical coupling point [7] (see Fig. 9 ). Using the cubic polynomial function (2) the distance at which this critical point occurs can be approximated; in this case the distance is 79 mm. At this distance the WPT system will transfer power at its maximum efficiency at one frequency which is the resonant frequency of the coils. For any distance larger than 79 mm the efficiency of the system will drop below its maximum as illustrated in Fig. 8 .
The WPT system described in [7] had the load and source impedance fixed and the critical coupling was defined in terms of the distance between the two coils. By varying the distance between the coils the coupling factor can be adjusted so that the maximum power transfer is achieved. However, the magnitude of S21, which can be used to judge the efficiency of the wireless link, does not depend on K only but also on other factors. The load and source impedances are factors that can be modified externally; hence they could be useful in controlling and improving the wireless link efficiency. To illustrate the effect of the load impedance on the efficiency of the WPT system a simple experiment using the equivalent circuit shown in Fig. 4 was performed. The coupling factor, hence the distance between the two coils, were fixed and the real part of the load impedance was varied. To simplify the analysis the imaginary part of the load impedance was assumed to be zero, hence only the resistive part of the impedance was considered in the following examples. The experiment was conducted for three cases, namely a critically coupled system, an over-coupled system and an under-coupled system, respectively. These systems were defined for a 50 Ω source and load impedances as a reference.
For the first case of this numerical experiment, the starting point was an over-coupled system; as already 
www.ietdl.org mentioned the load and source impedances for this case were 50 Ω.
With the load impedance varied from 1 to 400 Ω, with the source impedance fixed at 50 Ω and the distance between coils fixed to 50 mm (K = 0.48), the change in S21 was observed. The magnitude of S21 is presented in Fig. 10 ; as can be seen in Fig. 10a the system is initially in an over-coupled state. However, increasing the load impedance from 50 to 100 Ω shifts the WPT to a state that could be described as critically coupled. Increasing the load further makes the WPT under-coupled. Similar behaviour may be observed when the load connected to the WPT system is varied but the starting point is a critical coupled state, or an under-coupled state, as shown graphically in Figs 10b and c. Following from these results it might be argued that the region in which the system is critically coupled could be extended by changing the load impedance. Furthermore, a similar response can be obtained by varying the source impedance rather than the load impedance.
To understand further the behaviour of efficiency of the WPT system with respect to the load and distance between the two coils a surface plot of the magnitude S21 at the resonance frequency (96.7 kHz) was constructed using (2) and is presented in Fig. 11 ; the source impedance Z S is 50 Ω as before. It can be noted that the system can have very high coupling ( >90%) even at a large separation distance, such as 200 mm, but only for a small load impedance. When increasing the load the distance has to be reduced in order to keep the coupling efficiency at values above 90%. For load impedances up to 60 Ω decreasing the distance between the coils below 100 mm will reduce the coupling efficiency at the resonant frequency of 96.7 kHz, as in this region the system becomes over-coupled, and to restore the maximum coupling efficiency the frequency would need to be changed, as explained in [7] . Although the maximum efficiency of the system can be tracked, using a frequency tuner coupled with a controller that follows the maximum resonant peak as the load (receiver) is moved with respect to the transmitter [7] , this solution is complex and introduces additional components into the WPT system, hence reducing the overall efficiency. On the other hand, recent work [8] has shown that the highest efficiency is achieved at the natural resonant frequency (ω 0 ) rather than any of the split resonant frequencies of the magnetically coupled WPT system.
It will be helpful to return to the equivalent circuit of Fig. 4 and extract the input and output impedances (Z in and Z out ) of the circuit
At resonance both input and output impedances become purely real and, if the two loops are identical, this resonance occurs at the frequency given by (1). At resonance (ω 0 ) the two impedances (Z in and Z out ) can be written as
It is informative to plot the variation of Z out (ω 0 ) with the distance between coils when Z s is kept constant (in Fig. 12 Z s = 50 Ω). Considering both Figs 11 and 12 it can be concluded that when Z L matches Z out (ω 0 ) the coupling is maximised, whereas for any other situation the coupling reduces.
In general, achieving maximum power transfer from the source to the load implies that the source impedance is matched to the load impedance. Analysing the equivalent circuit of Fig. 4 it can be observed that the impedance seen from the source is Z in , which at resonance is given by (5) . For example, the impedance seen from the source when the two coils are 50 mm apart and the load impedance is 50 Ω is about 97 Ω. This mismatch will create a large reflection from the load and, although the two coils are very close, only part of the available power will be delivered to the load (Fig. 11) . On the other hand, if the distance between the two coils is 80 mm and the load impedance is 50 Ω, the impedance seen from the source is about 46 Ω. In this case the mismatch between the source and load is much smaller; therefore more power will be delivered to the load. Once again this situation can be observed graphically in Fig. 11 ; when Z in is close to 50 Ω the magnitude of S21 is close to 1, which is an ideal case, but once Z in changes because of a change in distance or in load (Fig. 13) the efficiency of the wireless link drops. Therefore, the most desirable condition, when the magnitude of S21 is close to maximum, can be specified as
Using the above equation and the definition of Z in given in (5), together with (2), the following relationship for S21 at the resonant frequency can be derived
If the resistances of the two coils R 1 and R 2 are very small they can be ignored. Following this assumption (8) can be further simplified to read
It is obvious that the magnitude of S 21 from the above equation is 1, hence -according to the definition of the transducer power gain |S 21 | 2 -the ratio of the power delivered to the load over the available power is also 1. Following the same definition applied to (8) will yield the following result
which is the same with the efficiency of the WPT system obtained by Kato et al. in [10] using an equivalent circuit approach. However, this result assumes that the source is always matched to the input impedance, which may not be always the case. In a general case, when the source impedance is different from the input impedance, the correct relation between the power delivered to the load with respect to the available power can be inferred from (2) written at the natural resonant frequency
It can be shown that (12) may be rewritten in a more convenient form as
where Γ in is the input reflection coefficient defined as
It can therefore be concluded that if the source impedance matches the input impedance, and the resistances of the two coils are negligible, there will be no reflection and all the power available in the primary coil will be transmitted to the secondary coil. This condition can be achieved for a variety of distances between coils and different loading conditions. Another useful observation is that although matching the source impedance to Z in is important if the resistances of the two coils are relatively large there will be loss in terms of the wireless link performance. Hence minimising the resistance of the two coils is an important factor when WPT is considered. www.ietdl.org Although the efficiency of the wireless link can be maintained at high values through matching the source to the input impedance, the amount of power that the WPT system can handle is not constant. It will be instructive to analyse again the equivalent circuit of the WPT system presented in Fig. 4 to understand the power handling capability of the WPT at maximum efficiency. One way of www.ietdl.org controlling the impedance seen at the interface between the source and the primary coil is to control the voltage or/and the current at that particular circuit point. Suppose the voltage of the source is constant; then the only way of controlling the impedance is by changing the current. As discussed in the previous paragraph, to achieve high efficiency for the wireless link the source impedance Z s has to be equal to the input impedance Z in ; thus when the input impedance Z in is large the current coming from the source has to be reduced so that the source impedance (Z S = (V s /I in )) matches the input impedance. On the other hand, if Z in is small the current should be increased to match Z in (see Figs. 15 and 16) . Therefore, the power that can be handled by the system at its maximum efficiency condition will be smaller in the case of a large Z in than in the case of a reduced Z in . According to (6) a small value of Z in can be achieved either by reducing the coupling between the coils through increasing the distance between them, or by increasing the load resistance. However, both conditions have to be considered with care when maximum efficiency is sought because decreasing the Z in to maximise the power will force the Z s to drop and in the limiting case, when either coupling factor is zero or load impedance infinity, the only impedance limiting the current in the primary coil is its own resistance R 1 . As discussed in the previous sections, normally the coil resistance should be minimised leading to a large primary current, which might damage the coil if there is insufficient protection (Fig. 17) .
In practical applications the input voltage (source voltage) of the systems is constant; hence it would be useful to understand the variation of all other important parameters of the WPT, such as input current, load current and load voltage, whereas the distance and load vary, as a function of the source voltage. From the equivalent circuit of Fig. 4 it can be noted that the input current can be conveniently written in terms of source voltage and input admittance of the WPT equivalent circuit. At the natural resonance of the two coils the input current is
At resonance the load current can be written in terms of the input current as
By substituting (9) into (10) the load current can be written in terms of source voltage as
Finally, the load voltage can be written as
From the above equations it can be seen that the load current will have a phase difference of 90°with respect to the source current, which in turn is in phase with the source voltage at resonance. Similarly the load voltage has a 90°phase difference with respect to the source voltage. By plotting the input current, load current and load voltage, for different load conditions and distances between coils, the behaviour of the WPT system can be visualised.
Figs. 17-19 show these parameters when the source voltage has an amplitude of 1 V. It can be observed from Fig. 17 that the input current will be maximised when both the load resistance and the distance are at their largest values. In this case the WPT systems will absorb maximum power. However, this may not be useful as the efficiency of the power transfer is at its lowest under these conditions; at the same time the load voltage is very large (Fig. 18) . For the specific case studied here the load voltage could reach values 25 times larger than the source voltage; therefore appropriate control and special insulation have to be considered carefully for such systems.
The maximum load current is obtained when the load resistance is minimum and the distance between the coils is at its highest value (Fig. 17) ; however, this condition is not very useful from the practical point of view as the input power into the WPT system is small and thus the power delivered to the load will be small too, even if the efficiency of the wireless transfer is high.
Conclusions
The characteristics of a WPT system have been extracted and studied through simulations verified by measurements conducted on a dedicated experimental rig. From 3D FEM full wave simulations a circuit model of the WPT system has been established. With the help of this circuit model, supported by 3D FEM calculations, the S parameters of the WPT were extracted. Based on the S parameters, the efficiency of the WPT system was calculated and analysed. It has been shown that the maximum efficiency is achieved when the source, WPT and the load are simultaneously matched. Further analysis has demonstrated that the efficiency calculated with the help of circuit analysis agrees well with the value obtained from the S parameter analysis of the WPT system. However, using only the circuit analysis may lead to the wrong conclusion if the source impedance is not carefully considered. The effects on the transfer efficiency of the WPT system, when the load and distance between the coils are changed, have been studied thoroughly. It has been shown that it is possible to maintain the transfer efficiency of the system at a very high level, even for relatively large distance separating the coils, providing simultaneous matching conditions are fulfilled. This means that the input impedance has to be adjusted as the distance and/or load conditions vary. This is particularly important when the distance between the coils is increased.
The mathematical expressions input current, load current and load voltage have been extracted when the source voltage was assumed to be fixed. From the analysis of these equations it has been shown that maximum input power of the system is achieved when the efficiency of system is not at its maximum. Moreover, careful design considerations, including protection, should be applied in such systems, especially for high power applications, as the input current can be very large when the load is large or when the secondary coil is very far. The load voltage may also be very large when the input current is large.
Future work will focus on the effects of massive conducting or shielding structures that may exist in the proximity of practical high power wireless transfer power systems, as well as considering a more realistic source impedance value which will have an influence on the behaviour of the WPT system. Moreover, the implementation of a tapped capacitive divider transformer for matching purposes will be investigated.
